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Abstract
In this paper, we investigate the global behavior of the recursive sequence
xn+1 = − xn
+ g(xn−k) for n= 0, 1, . . . ,
where , , 0 and g(x) is a continuous function deﬁned on (−∞,∞), which satisﬁes some additional conditions.
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1. Introduction
The behavior of the rational recursive sequence
xn+1 = − xn
+ xn−1 for n= 0, 1, . . . , (∗)
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where , , 0 was investigated in [1]. For closely related results see [2,3]. In this paper, we investigate
the global behavior of the nonlinear recursive sequence
xn+1 = − xn
+ g(xn−k) for n= 0, 1, . . . , (1.1)
where , , 0 and k is a ﬁxed positive integer, the initial conditions x−k, . . . , x0 are all arbitrary and
g(x) is a given function satisfying some conditions which we will explain later.
In this paper, we show that under certain conditions the equilibrium point of Eq. (1.1) is a global
attractor with a basin which depends on the conditions posed on the coefﬁcients and the function g(x),
respectively. When g(x)= x and k = 1, Eq. (1.1) reduces to Eq. (∗), we can get all the results in [1] and
xn+1 = −xn
+ xn−1 for n= 0, 1, . . . (∗∗)
is another particular case of Eq. (1.1).
2. The case > 0
In this section, we study the global behavior of the difference equation
xn+1 = − xn
+ g(xn−k) for n= 0, 1, . . . , (2.1)
where
, > 0, >  and k is a ﬁxed positive integer, (2.2)
g(x) is continuous on (−∞,∞) satisfying
(i) g(x)> 0 for x > 0;
(ii) g(x) is increasing on (−∞,∞);
(iii) x
g(x)
is nondecreasing on (0,∞).
(2.3)
We need the following lemma for proving the main result.
Lemma 2.1. Assume that (2.2) and (2.3) hold. Then Eq. (2.1) has the unique positive equilibrium point.
Proof. Let F(x) = x −  − x/( + g(x)). It is obvious that F(x) is continuous on [0,∞) such that
F(0) = −/( + g(0))< 0 and limx→∞F(x) =∞. It follows that there exists an x ∈ (0,∞) such that
F(x)= 0. On the other hand,
F(x)− F(y)= x − y −
[
− x
+ g(x) −
− y
+ g(y)
]
= x − y + [g(x)− g(y)] + (x − y)+ [xg(y)− yg(x)][+ g(x)][+ g(y)] .
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If x >y, then we have F(x)>F(y). So, F(x) is increasing on [0,∞). Consequently, x is the unique
positive equilibrium point of Eq. (2.1).
The proof is complete. 
Lemma 2.2. Assume that (2.2) and (2.3) hold. Let {xn} be a solution of Eq. (2.1). If xm−k+1, . . . , xm ∈
[0,∞), xm+1 ∈ [0, /] for some m − 1, then
− 
+ g
(


)xm+i 

for ik + 2.
Proof. We can see that 0xm+2/, . . . , 0xm+k+1/. Then we have
− /
+ g (/)xm+k+2


, . . . ,
− /
+ g (/)xm+k+(k+1)


.
We obtain by induction
− /
+ g (/)xm+i


for ik + 2.
The proof is complete. 
Assume that there exists an 2 such that the following conditions hold:



and 2. (2.4)
Lemma 2.3. Assume that (2.4) holds for some 2. Let {xn} be a solution of Eq. (2.1). If
xm−k+1, . . . , xm ∈
[
g−1
(
−(− 1)

)
,∞
)
and
xm+1 ∈
[
max
{
−(− 1)

, g−1
(
−(− 1)

)}
,


]
for some m − 1, then
xm+i ∈
[
0,


]
for i2.
Proof. Suppose that
xm−k+1, . . . , xm ∈
[
g−1
(
−(− 1)

)
,∞
)
and
xm+1 ∈
[
max
{
−(− 1)

, g−1
(
−(− 1)

)}
,


]
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for some m − 1. Then
(i) if
g−1
(
−(− 1)

)
 − (− 1)

,
then xm+1 ∈
[
−(− 1)/, 
]
;
(ii) if
g−1
(
−(− 1)

)
>− (− 1)

,
then xm+1 ∈
[
g−1 (−(− 1)/) , 
]
.
Therefore, we have by (2.4) in both cases
+ g(xm−k+1) 

, . . . , + g(xm+1) 

.
So,
0− xm+1 and 0xm+2 = − xm+1
+ g(xm+1−k)

/
=  

.
Hence
0− xm+2 and 0xm+3 

.
Similarly, we can show that
0xm+(j+2)


for j = 2, . . . , k.
Therefore, by Lemma 2.2, we have
0xm+i


for i2.
This completes the proof. 
Lemma 2.4. Assume that (2.4) holds for some 2. Let {xn} be a solution of Eq. (2.1). Suppose that
g−1
(
−(− 1)

)
 − 

,
xm−k+1, . . . , xm ∈
[
g−1
(
−(− 1)

)
,∞
)
and
xm+1 ∈
[
max
{
−(− 1)

, g−1
(
−(− 1)

)}
,∞
)
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for some m − 1 such that |xm+1 − g(xm+1−k)|+ /. Then
xm+i ∈
[
0,


]
for i3.
Proof. If
g−1
(
−(− 1)

)
 − (− 1)

,
then xm+1 ∈ [−(− 1)/,∞).
If
g−1
(
−(− 1)

)
>− (− 1)

,
then xm+1 ∈
[
g−1 (−(− 1)/) ,∞).
Therefore, we have by (2.4) in both cases
+ g(xm+1−k) 

, . . . , + g(xm+1) 

.
Since
xm+1 − g(xm+1−k) |xm+1 − g(xm+1−k)|+ 

,
then
− xm+1 − [g(xm+1−k)+ ] − (− 1),
i.e.,
−[g(xm+1−k)+ ] − (− 1)− xm+1.
If − xm+10, then
0xm+2 = − xm+1
+ g(xm+1−k)






.
If − xm+1< 0, then
0xm+2 = − xm+1
+ g(xm+1−k)
−[g(xm+1−k)+ ] − (− 1)
+ g(xm+1−k)  −  −


.
So, we have in both the cases
0− xm+22.
Therefore
0xm+3 = − xm+2
+ g(xm+2−k)2


.
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Similarly, we can show that
0xm+(j+2)


for j = 2, . . . , k.
Hence, by Lemma 2.3, we have
xm+i ∈
[
0,


]
for i3.
The proof is complete. 
Theorem 2.1. If there exists an 2 such that (2.4) holds, then the positive equilibrium point x of Eq.
(2.1) is a global attractor whose basin contains S, where if
g−1
(
−(− 1)

)
>− (− 1)

and g−1
(
−(− 1)

)
>− 

,
then
S =
[
g−1
(
−(− 1)

)
,∞
)k
×
[
g−1
(
−(− 1)

)
,


]
;
if else, then
S =
[
g−1
(
−(− 1)

)
,∞
)k
×
[
max
{
−(− 1)

, g−1
(
−(− 1)

)}
,


]
∪
{
(x−k, . . . , x0) | x−k, . . . , x−1 ∈
[
g−1
(
−(− 1)

)
,∞
)
,
x0 ∈
[
max
{
−(− 1)

, g−1
(
−(− 1)

)}
,∞
)
and |x0 − g(x−k)|+ 

}
.
Proof. Let {xn} be a solution of Eq. (2.1) with initial conditions x−k, . . . , x0 ∈ S. Then, by Lemmas 2.3
and 2.4, xm ∈ [0, /] for m2. By Lemma 2.2, we have
− /
+ g (/)xm


for mk + 3.
Set = lim infn→∞xn and = lim supn→∞xn.
Let > 0 be such that <min {/− , }. Then there exists an n0 ∈ N such that − <xn <+ 
for nn0. Hence, we have
− (+ )
+ g(+ ) < xn+1<
− (− )
+ g(− ) for nn0 + k.
Then, we get the inequality
− (+ )
+ g(+ )
− (− )
+ g(− ) ,
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which yields
− 
+ g()
− 
+ g() .
By (2.3), we get
− − g()g()− − ,
which follows that . Therefore, = = x. The proof is complete. 
By Theorem 2.1, we have the following result about Eq. (∗).
Corollary 2.1. If there exists an 2 such that (2.4) holds, then the positive equilibrium point x of Eq.
(∗) is a global attractor whose basin contains S,
S =
[
−(− 1)

,∞
)
×
[
−(− 1)

,


]
∪
{
(x−1, x0) | x−1, x0 ∈
[
−(− 1)

,∞
)
and |x0 − x−1|+ 

}
.
Next, we give some analysis on the semi-cycles of any solution {xn} of Eq. (2.1) about x with initial
conditions x−k, . . . , x0 ∈ [0, /].
Theorem 2.2. Assume that the initial conditions x−k, . . . , x0 ∈ [0, /]. If not all of them are equal to
x, then the following statements are true,
(1) {xn} has no k + 1 consecutive terms which are equal to x;
(2) Every semi-cycles of {xn} has at most k + 1 terms;
(3) {xn} is strictly oscillatory about x.
Proof. (1) If x = . . .= x+k = x, then x−1 = . . .= x0 = x−1 = x, which is impossible.
(2)Assume that a semi-cycle C starts with k+1 terms x−k, . . . , x. If C is negative, i.e., 0x−k, . . .,
xx, then we have x+1>x. If C is positive, we can get similar result.
(3) Consequently, we know that {xn} is strictly oscillatory about x from (1) and (2). This completes
the proof. 
3. The case = 0
In this section, we study the global behavior of the difference equation
xn+1 = −xn
+ g(xn−k) for n= 0, 1, . . . , (3.1)
where , > 0, g(x) satisﬁes (2.3) and is differentiable on (−∞,∞).
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Let xn = yn. Then Eq. (3.1) is changed to
yn+1 = −yn
/+ g(yn−k)/ for n= 0, 1, . . . . (3.2)
We can solve that Eq. (3.2) has two equilibrium points y1=0 and y2= (g−1(−−))/(). The linearized
equation associated with (3.2) about yi for i = 1, 2 are
zn+1 + 1
 + g(yi)
zn − yig
′(yi)[

 + g(yi)
]2 zn−k = 0. (3.3)
The characteristic equation of Eq. (3.3) about y2 is
k+1 − k − 1

g−1(−− )g′(g−1(−− ))= 0,
which follows that y2 is repelling.
The characteristic equation of Eq. (3.3) about y1 is
k+1 + 1
/+ g(0)/
k = 0,
which has two roots 1 = 0 and 2 =−/(+ g(0)). Therefore,
(i) if + g(0)> , then y1 is asymptotically stable;
(ii) if + g(0)< , then y1 is a saddle point;
(iii) if + g(0)= , then the linearized stability analysis fails.
In what follows, we assume that /+ g(−)/> 1.
Lemma 3.1. Assume that the initial values y−k, . . . , y−1 ∈ [−1, 1] and y0 ∈ [−1, 0]. Then y2n is
monotonically increasing to zero while y2n−1 is monotonically decreasing to zero.
Proof. Owing to that y−k, . . . , y−1 ∈ [−1, 1] and y0 ∈ [−1, 0], we know that y1 ∈ [0, 1] and y2 ∈
[−1, 0]. By induction, we have y2n ∈ [−1, 0] and y2n−1 ∈ [0, 1].
Since
y2n
y2n+2
=
[


+ g(y2n+1−k)

] [


+ g(y2n−k)

]
> 1,
then y2n < y2n+2 for n = 0, 1, . . . . Similarly, we have y2n−1<y2n+1 for n = 0, 1, . . . . This completes
the proof. 
Lemma 3.2. Assume that the initial values y−k, . . . , y−1 ∈ [−1, 1] and y0 ∈ [0, 1]. Then y2n is mono-
tonically decreasing to zero while y2n−1 is monotonically increasing to zero.
The proof is similar to that of Lemma 3.1 and will be omitted.
Corollary 3.1. The equilibrium point y1 = 0 of Eq. (3.2) is a global attractor whose basin contains
S, S = [−1, 1]k+1.
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Theorem 3.1. The equilibrium point y1 = 0 of Eq. (3.2) is a global attractor whose basin contains S,
S =
{
(y1, . . . , yk+1) | yi0 for i = 1, . . . , k + 1 and
∣∣∣∣yk+1 − g(y1)
∣∣∣∣  
}
.
Proof. Assume that y−k, . . . , y0 ∈ S. Then, we have∣∣∣∣y0 − g(y−k)
∣∣∣∣   .
So,
y−k, . . . , y00,


+ g(y−k)




and 0y0


+ g(y−k)

.
It is obvious that y1 ∈ [−1, 0] and y2 ∈ [0, 1]. By induction, we have y2n ∈ [0, 1] and y2n−1 ∈ [−1, 0]
for n= 1, 2, . . . . Now the result follows from Corollary 3.1. The proof is complete. 
Let xn = yn. Then Eq. (∗∗) becomes
yn+1 = −yn
 + yn−1
. (∗ ∗ ∗)
By Theorem 3.1 we have the following result about Eq. (∗ ∗ ∗).
Corollary 3.2. The equilibrium y1 = 0 of Eq. (∗ ∗ ∗) is a global attractor whose basin contains S,
S =
{
(y1, y2) | y1, y20 and |y2 − y1| 

}
.
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